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Abstract. We discuss the role of non-locality in the problem of determining the
state of a quantum system, one of the most basic problems in quantum mechanics.

1 Introduction

In 1964 J. Bell [1] introduced the idea of non-local correlations. He consid-
ered the situation in which measurements are performed on pairs of particles
which were prepared in entangled states and the two members of the pair
are separated in space, and he showed that the results of the measurement
are correlated in a way which cannot be explained by any local models. Since
then, non-locality has been recognized as one of the most important aspects
of quantum mechanics.

Following Bell, most studies of non-locality focused on situations when
two or more particles are separated in space and are prepared in entangled
states. Entanglement appeared to be a sine-qua-non requirement for non-
locality. Indeed, all entangled states were shown to be non-local [2] while all
direct product states lead to purely local correlations.

Surprisingly enough, however, it turns out that non-locality plays an es-
sential role in problems in which there is no entanglement whatsoever and
apparently everything is local. One such problem - probably one of the most
basic problems in quantum mechanics - is that of determining by measure-
ments the state of a quantum system. That is, given a quantum system in
some state Ψ unknown to us, how can we determine what Ψ is? As is well-
known, because quantum measurements yield probabilistic outcomes, and
due to the fact that measuring an observable we disturb all the other non-
commuting observables, we cannot determine with certainty the unknown
state Ψ out of measurements on a single particle. If we have a large number
of identically prepared particles - a so called “quantum ensemble” - by per-
forming measurements on the different particles we can accumulate enough
results so that from their statistics we could determine Ψ . But anything less
than an infinite number of particles limits our ability to determine the state
with certainty.

Now, although when we have only a finite ensemble of identically pre-
pared particles we cannot determine their state with absolute precision, the
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question remains of how well can we determine the state and which is the
the measurement we should perform. It is in this context that, unexpectedly,
non-locality creeps in.

The story of interest here begins in 1991 when Peres and Wootters [3]
considered the following particular question of quantum state estimation.
Suppose that we have a quantum ensemble which consists of only two iden-
tically prepared spin 1/2 particles. In other words, we are given two spin 1/2
particles, and we are told that the spins are parallel, but we are not told
the polarization direction. What is the best way to find the direction? One
possibility would involve measurements carried out on each spin separately,
and trying to infer the polarization direction based on the results of the two
measurements. Another possibility would be again to measure the two spins
separately, but to measure first one spin and then choose some appropriate
measurement on the second spin depending on the result of the measurement
on the first spin. Finally, they conjectured, an even better way might be to
measure the two spins together, not separately. That is, to perform a mea-
surement of an operator whose eigenstates are entangled states of the two
spins. The Peres-Wootters conjecture was subsequently proven by Massar
and Popescu [4].

What we see here is a surprising manifestation of non-locality. Indeed,
suppose that the two spins are separate in space. They are prepared in direct-
product states (they are each polarized along the same direction). Neverthe-
less, by simply performing local measurements one cannot extract all infor-
mation from the spins. The optimal measurement must introduce non-locality
by projecting them onto entangled states.

The above effect has opened a new direction of research, and its implica-
tions are just starting to be uncovered. In this paper we will discuss a new
surprising effect [5] whose existence is made possible by the fact that optimal
measurements imply non-locality.

2 Measurements on 2-Particle Systems
with Parallel or Anti-Parallel Spins

The problem we consider here is the following. Suppose Alice wants to com-
municate Bob a space direction n. She may do that in two ways. In the first
case, Alice sends Bob two spin 1/2 particles polarized along n, i.e. |n,n〉.
When Bob receives the spins, he performs some measurement on them and
then guesses a direction ng which has to be as close as possible to the true
direction n. The second method is almost identical to the first, with the dif-
ference that Alice sends |n,−n〉, i.e. the first spin is polarized along n but
the second one is polarized in the opposite direction. The question is whether
these two methods are equally good or, if not, which is better1.
1 It might be the case that there is some other method which is better for trans-
mitting directions than the two ones mentioned above. However, we are not
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For a better perspective, consider first a simpler problem. Suppose Alice
wants to communicate Bob a space direction n and she may do that by one
of the following two strategies. In the first case, Alice sends Bob a single spin
1/2 particle polarized along n, i.e. |n〉. The second strategy is identical to
the first, with the difference that when Alice wants to communicate Bob the
direction n she sends him a single spin 1/2 particle polarized in the opposite
direction, i.e. | − n〉. Which of these two strategies is better?

Obviously, if the particles would be classical spins then, both methods
would be equally good, as an arrow defines equally well both the direction
in which it points and the opposite direction. Is the quantum situation the
same?

First, we should note that in general, by sending a single spin 1/2 particle,
Alice cannot communicate to Bob the direction n with absolute precision.
Nevertheless, it is still obviously true that the two strategies are equally good.
Indeed, all Bob has to do in the second case is to perform exactly the same
measurements as he would do in the first case, only that when his results are
such that in the first case he would guess ng, in the second case he guesses
−ng.

One is thus tempted to think that, similar to the classical case, for the
purpose of defining a direction n, a quantum mechanical spin polarized along
n is as good as a spin polarized in the opposite direction: in particular, the
two two-spin states |n,n〉 and |n,−n〉 should be equally good. Surprisingly
however this is not true.

That there could be any difference between communicating a direction by
two parallel spins or two anti-parallel spins seems, at first sight, extremely
surprising. After all, by simply flipping one of the spins we could change
one case into the other. For example, if Bob knows that Alice indicates the
direction by two anti-parallel spins he only has to flip the second spin and
then apply all the measurements as in the case in which Alice sends from the
beginning parallel spins. Thus, apparently, the two methods are bound to be
equally good.

The problem is that one cannot flip a spin of unknown polarization. In-
deed, the flip operator V defined as

V |n〉 = | − n〉 (1)

is not unitary but anti-unitary. To see this we note that in Heisenberg rep-
resentation flipping the spin means changing the sign of all spin operators,
σ → −σ. But this transformation does not preserve the commutation rela-
tions, i.e.

[σx, σy] = iσz → [σx, σy] = −iσz, (2)

interested here in finding an optimal method for communicating directions; we
are only interested in comparing the parallel and anti-parallel spins methods.
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while all unitary transformations leave the commutation relations unchanged.
Thus there is no physical operation which could implement such a transfor-
mation.

A couple of questions arise. First, why is it still the case that a single spin
polarized along n defines the direction as well as a single spin polarized in
the opposite direction? The reason is that although Bob cannot implement
an active transformation, i.e. cannot flip the spin, he can implement a passive
transformation: he can flip his measuring devices. Indeed, there is no problem
for Bob in flipping all his Stern-Gerlach apparatuses, or, even simpler than
that, to merely rename the outputs of each Stern-Gerlach “up”→ “down”
and “down”→“up”.

At this point it is natural to ask why can’t Bob solve the problem of
two spins in the same way, namely by performing a passive transformation
on the apparatuses used to measure the second spin? The problem is the
entanglement. Indeed, if the optimal strategy for finding the polarization
direction would involve separate measurements on the two spins then two
parallel spins would be equivalent to two anti-parallel spins. (This would be
true even if which measurement is to be performed on the second spin depends
on the result of the measurement on the first spin.) But, as explained in
the Introduction, the optimal measurement is not a measurement performed
separately on the two spins but a measurement which acts on both spins
simultaneously, that is, the measurement of an operator whose eigenstates
are entangled states of the two spins. For such a measurement there is no
way of associating different parts of the measuring device with the different
spins, and thus there is no way to make a passive flip associated to the second
spin. Consequently there is no way, neither active nor passive to implement
an equivalence between the parallel and anti-parallel spin cases.

After understanding that there is indeed room for the two direction com-
munication methods to be different, let us now investigate them in detail.

To start with, we have to define some figure of merit which will tell us
how successful a communication protocol is. For concreteness, let us define
Bob’s measure of success as the fidelity

F =
∫

dn
∑
g

P (g|n)
1 + nng

2
(3)

where nng is the scalar product in between the true and the guessed direc-
tions, the integral is over the different directions n and dn represents the
a priori probability that a state associated to the direction n, i.e. |n,n〉 or
|n,−n〉 respectively, is emitted by the source; P (g|n) is the probability of
guessing ng when the true direction is n. In other words, for each trial Bob
gets a score which is a (linear) function of the scalar product between the true
and the guessed direction, and the final score is the average of the individual
scores.
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When the different directions n are randomly and uniformly distributed
over the unit sphere, an optimal measurement for pairs of parallel spins ψ =
|n,n〉 has been found by Massar and Popescu [4]. Bob has to measure an
operator A whose eigenvectors φj , j = 1, . . . , 4, are

|φj〉 =
√

3
2
|nj ,nj〉 +

1
2
|ψ−〉 (4)

where |ψ−〉 denotes the singlet state and the Bloch vectors nj point to the 4
vertices of the tetrahedron:

n1 = (0, 0, 1), n2 = (
√

8
3
, 0,−1

3
),

n3 = (
−√2

3
,

√
2
3
,−1

3
), n4 = (

−√2
3

,−
√

2
3
,−1

3
). (5)

The phases used in the definition of |nj〉 are such that the 4 states φj are
mutually orthogonal. The exact values of the eigenvalues corresponding to
the above eigenvectors are irrelevant; all that is important is that they are
different from each other, so that each eigenvector can be unambiguously
associated to a different outcome of the measurement. If the measurement
results corresponds to φj , then the guessed direction is nj . The corresponding
optimal fidelity is 3/4 [4].

A related case is when the directions n are a priori on the vertices of
the tetrahedron, with equal probability 1/4. Then the above measurement
provides a fidelity of 5/6≈ 0.833, conjectured to be optimal.

Let us now consider pairs of anti-parallel spins, |ψ >= |n,−n〉, and the
measurement whose eigenstates are

θj = α|nj ,−nj〉 − β
∑
k �=j

|nk,−nk〉 (6)

with α = 13
6
√
6−2√2 ≈ 1.095 and β = 5−2√3

6
√
6−2√2 ≈ 0.129. The corresponding

fidelity for uniformly distributed n is F = 5
√
3+33

3(3
√
3−1)2 ≈ 0.789; and for n lying

on the tetrahedron F = 2
√
3+47

3(3
√
3−1)2 ≈ 0.955. In both cases the fidelity obtained

for pairs of anti-parallel spins is larger than for pairs of parallel spins!
It is useful now to investigate in more detail what is going on. We have

claimed above that when we perform a measurement of an operator whose
eigenstates are entangled states of the two spins, there is no way of making a
passive flip associated with the second spin. We would like to comment more
about this point.

It is clear that in the case of a measuring device corresponding to an
operator whose eigenstates are entangled states of the two spins, we cannot
identify one part of the apparatus as acting solely on one spin and another
part of the apparatus as acting on the second spin. Thus we cannot simply
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isolate a part of the measuring device and rename its outcomes. But perhaps
one could make such a passive transformation at a mathematical level, that
is, in the mathematical description of the operator associated to the mea-
surement and then physically construct an apparatus which corresponds to
the new operator.

In the case of two parallel spins the optimal measurement is described
by a nondegenerate operator whose eigenstates |φj〉 are given by (4) and
(5). It is convenient to consider the projectors P j = |φj〉〈φj | associated with
the eigenstates. As is well-known, any unit-trace hermitian operator, and in
particular any projector, can be written as

P j =
1
4

(I + αjσ(1) + βjσ(2) + Rj
k,lσ

(1)
k σ

(2)
l ). (7)

with some appropriate coefficients αj , βj and Rj
k,l. (The upper indexes on

the spin operators mean “particle 1” or “2” and I denotes the identity).
Why then couldn’t we simply make the passive spin flip by considering a
measurement described by the projectors

P̃ j =
1
4

(I + αjσ(1) − βjσ(2) −Rj
k,lσ

(1)
k σ

(2)
l ). (8)

obtained by the flip of the operators associated second spin, σ(2) → −σ(2)?
The reason is that the transformed operators P̃ j are no longer projectors!
Indeed, each projection operator P j could also be viewed as a density matrix
ρj = P j = |φj〉〈φj |. The passive spin flip which leads from Eq. (7) to Eq. (8)
is nothing more than the partial transpose of the density matrices ρj with re-
spect to the second spin. But each density matrix ρj is non-separable (because
it describes the entangled state |φj〉). However, according to the well-known
result of the Horodeckis [6,7] the partial transpose of a non-separable density
matrix of two spin 1/2 particles has a negative eigenvalue and thus it cannot
represent a projector anymore. On the other hand, if the optimal measure-
ment would have consisted of independent measurements on the two spins,
each projector would have been a direct product density matrix and the spin
flip would have transformed them into new projectors, and thus led to a valid
new measurement.

The above analysis of encoding directions by parallel or anti-parallel spins
shows a most important aspect of the problem of state estimation. Consider
the two sets of states, that of parallel spins and that of anti-parallel spins.
The distance in between any two states in the first set is equal to the distance
in between the corresponding pair of states in the second set. That is,

|〈n,n|m,m〉|2 = |〈n,−n|m,−m〉|2. (9)

Nevertheless, as a whole, the anti-parallel spin states are further apart than
the parallel ones! Indeed, the anti-parallel spin states span the entire 4-
dimensional Hilbert space of the two spin 1/2, while the parallel spin states
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span only the 3-dimensional subspace of symmetric states. This is similar to
a 3-spin example discovered by R. Jozsa and J. Schlienz [8].

Furthermore, suppose we consider a simpler problem in which Alice has
to communicate Bob one out of only two possible directions, n and m. Then,
since |〈n,n|m,m〉|2 = |〈n,−n|m,−m〉|2 the parallel and anti-parallel spins
methods would be equally good. The two methods are also equally good in the
case when Alice has to communicate to Bob an arbitrary direction in a plane.
Indeed, suppose that the directions Alice has to communicate are restricted to
the x−y plane. Then a rotation of the second spin by 180 degrees around the z
axis can transform any state of parallel spins into a state of anti-parallel ones
and vice-versa. It is only when Alice has to communicate directions which
do not lie in the same plane, that the two methods become different. This
shows that the problem of state estimation depends on the global structure
of the set of states under investigation and cannot be reduced to the problem
of pairwise distinguishibility.2

3 Conclusions

To conclude, we have shown that non-locality plays a fundamental role in
what is probably the most basic quantum mechanical problem - determining
the state of a quantum system. The link between non-locality and measure-
ment theory is completely unexpected, and without any doubt, it will lead to
new insights into the very nature of quantum mechanics. Furthermore, it is
already leading to possible practical applications in quantum communication
[9].
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